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Computer experiments
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Physical experimentation is
Impossible

M athematical
M oddls

. | nput parameters Outputs
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‘ — Time-consuming
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simulations

—> Sensitivity Analysis
M etamodel — Optimization

= Uncertainty Quantification
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Design constraints
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* No replication, in particular when projectirng
the design on to a subset of parameters (non-

collapsing) Spcz;lce_ filling
esigns

* Provide information about all parts of the
. experimental regic

B °Allow one to adapt a variety of statistical Exploratory
models designs

Goal: fill up the space in uniform fashion with the design
points
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Kullback-L elbler
Diver gence
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Goal

Suppose that the design points.X, X, aren independen
observations of the random vector XZ(X,X9) with
absolutely continuous density functidn

select the design points in such a way ¢
have the density function “close” to the
uniform density function.

-

The Kullback-Leibler (KL) divergence measures the difference
between two density functiom&ndg (with f << g)

D(f,g) = [ f(x) In(;gg)dx
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KL divergence properties

 The KL divergence is not a metric
(it is notsymmetric, it does not satisfy the triangle inequality)

* The KL divergence is always non-negative and

D(f,g)=0 = f=g p.p.
If {P,...,F.} IS a sequence of distributions tl
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KL divergence Total variation
‘ Pn — P = Pn — P

b Minimizing the KL divergence

e The KL divergence is invariant under parameter transformatgons.

L

Design space = unit cub|e
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The KL divergence and the Shannon entr opy

If gis the uniform density function then
D(f) = [ f(x)In(f(x))dx = -H[f]

where H(f ) is the Shannon entropy
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Minimizing the KL divergence- Maximizing the entropy

If fis supported by [0,%] one always has €0 and the
‘ maximum value of H{, zero, being uniquely attained by
the uniform density.

Using an exchange algorithm — Entropy
build an “optimal” design estimation
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Estimation by
a Monte Carlo method
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Estimation by a Monte Carlo method

The entropy can be written as an expectation

HLf]==] f () In(f (x))dx = -E [In(f (x))]

The Monte Carlo method (MC) provides a unbiased and consjtent
estimate of the entro

I:I(X):—%éln (X))
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where X,...,X, are the design points.

]

the unknown density functidnis replaced by its
kernel density estimal@&hmad and Lin, 1976)
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Estimation by a Monte Carlo method

Joe (1989) obtained asymptotic bias and variance terms
for the estimator

H(X) = —%iln f(X,)

where f IS the kernel estimate,
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Ix0[0, 1]°, f(x)—nlé (X Xj

The bias depends on the sizehe dimensiom and the
0 bandwidthh

s fix the bias during the exchange algorithm
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Thekernel density estimation : the bandwidth

» The bandwidthh plays an important role in the estimation

_______________________________________________________

h=0.1 | h=0.4 e,

— Scott’s rule
h = h

j 1/(d+4) ‘ = /12_ n]_/(d+4)
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Thekernel density estimation : the kernel

» the choice of the kernel functiens much less important

Multidimensional Gaussian function

K @)=0 e - L2 |

X =X .
where z = Ih L ij=1,....n

m—) HzH2 O [O,d/ hz] Epanechnikov, uniform,...

4=10 and n=100 [’ — kernel functions are not
(4=10and n=100[z" D[02317] ) gegiraple

Remark f is no more sugported by [011]
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Convergences
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converges slowly towards O converges rapidly
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Design comparison
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B B Design comparison
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| mprovement of theinitial setting
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* Quasi-independent of the initial setting

e Convergence towards quasi-periodical distributior’;|

o

m—

«Q _|
o

0.6

0.4

0.2

0.0

0.2

o

1.0

16



Projections

the design points will generally lie on the boundary of
the design space, especially for small size

B B Design comparison
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Usual space-filling designs

* The maximin criterionNlaximin) maximizes the minimal distance
between the design points (Johnsoial.,1990),

min d(x;, X;)

o 1777
1<i<i|<n

» The entropy criterion@max) is the maximization of the determinan{
a covariance matrix (Shewry & Wynn, 1987),
p}

d
R(X;,X;) = expy - Zek‘xik - X;(
k=1

* Two kind of designs are based on the analogy oimmamng forces
between charged particles

/\ Audze-Eglais (1977)

Strauss designS{(rauss) criter_ii)n AE) minimizes
built with a MCMC ”Z i 1
method (Franco, 2008) T Sdx, x)?
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B B Design comparison

Usual criteria (d=10 and n=100)

Distance criteria quantify how the pointsfill up the space
Cov Maximin
0.12 BE 10 - =
— K«
0.10 7 Maximin Dmax
| 09 7 : Strauss

0.08 o AE

0.06 —

0.04 — Maximin

—
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0.02

The cover measure calculatesthe
difference between the design and a
uniform mesh (min)
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The Maximin criterion maximizes
the minimal distance between the
design points (max)
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B B Design comparison

Usual criteria (d=10 and n=100)

Uniformity criteria

Measure how close points being uniformly distributed

KL
2.83100 0 P —
KL Dmax
Maximin Strauss

2.83105

2.83110

Maximin

2.83115

AE

DL2
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5.0e-06
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Strauss

4.6e-06 T
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Maximin KL '
4.2e-06 7 3 Dmax AE
]
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4.0e-06 - : : : : ,

KL divergence (max)
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The discrepancy measuresthe difference
between the empirical cumulative
distribution of the design pointsand the

uniform one (min) 20




Conclusion

Conclusion
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Conclusion
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Results

e The KL criterion spread points evenly throughout the unit cyibEe

* The KL designs outperform the usual space-filling designs

Outlooks

| » Estimation based on the nearest neighbor distances (CPU|tijne
+ support off)

0 » Construction of optimal Latin hypercube (projection)

by MST) .
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I » Tsallis entropy (analytic expression) , Rényi entropy (estimatgd
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